A quantum dot hybrid qubit formed from three electrons in a double quantum dot has the potential for great speed, due to presence of level crossings where the qubit becomes charge-like. Here, we show how to take full advantage of the level crossings in a pulsed gating scheme, which decomposes the spin qubit into a series of charge transitions. We develop one and two-qubit dc quantum gates that are simpler than the previously proposed ac gates. We obtain closed form solutions for the control sequences and show that these sub-nanosecond gates can achieve high fidelities.
A key figure of merit for a quantum information processing device is the ratio of the quantum coherence time to the time required to perform qubit gate manipulations [1] [2] [3] . The recently proposed hybrid quantum dot qubit [4] is a relatively simple qubit architecture that could achieve a higher figure of merit than previous qubit designs [5] [6] [7] . The qubit itself is a set of two states with total spin quantum numbers S 2 = 3/4 (S =
2 ) and S z = − 1 2 , with the two different states using the singlet and triplet in a doubly-occupied dot and a single spin in a singly-occupied dot. The two states of the qubit have different energies, and Ref. 4 proposes to implement gate operations using high-frequency (∼10−40 GHz) resonant RF pulses. This method is feasible [8, 9] , but it is significantly more complicated to implement experimentally than the pulse-gating methods used for charge qubits in Refs. 10-14 and for spin qubits in Refs. [15] [16] [17] [18] [19] . Here we show how to implement pulse-gating of the quantum dot hybrid qubit. One-and two-qubit gates require a modest number of non-adiabatic voltage pulses (five and eight, respectively), each of which is similar to those already used for gate operations on charge qubits and singlettriplet spin quits.
The two logical qubit states of the hybrid quantum dot qubit are |0 L = |S |↓ and |1 L = 1 3 |T 0 |↓ − 2 3 |T − |↑ , where |S , |T − , and |T 0 are two-particle singlet (S) and triplet (T) states in the left dot, and |↑ and |↓ respectively denote a spin-up and spin-down electron in the right dot. These states form a decoherencefree subspace that is insensitive to long-wavelength magnetic flux noise; moreover, decoherence processes that do not explicitly couple to spin or induce a transition of an electron to the reservoir do not induce transitions that go outside of the subspace of an individual qubit [20] . The qubit has the same symmetries in spin space as the tripledot qubit proposed by DiVincenzo et al. [7] , but is simpler to fabricate because it requires a double dot instead of a triple dot. Transitions between the logical qubit states |0 L and |1 L are allowed when tunneling is introduced between the dots. The physical process that leads to transitions between the two logical qubit states |0 L and |1 L involves an intermediate state |E that has one electron in the left dot and two electrons in the right dot, and the same total S 2 and S z . Fig. 1(a) is a schematic of the hybrid qubit and of a physical process that yields transitions between the logical states |0 L and |1 L . In the figure the doubly occupied right dot is labeled as having a singlet ground state, but the energy level diagram applies for both positive and negative singlet-triplet energy splittings in the right dot, and the spin of the lower energy state is not essential for the discussion below. We assume that the singlet-triplet splitting in the right dot is large enough that higher energy states of the right dot do not mix appreciably with the states that we consider explicitly here.
Rabi oscillations between two quantum states |α and |β are achieved by changing the detuning suddenly to a value at which the energy difference between the states is smaller than the coupling between them. Very near the avoided crossing between two states, the time evolution is prescribed by the two-state Hamiltonian
where ∆ is the coupling between the two states |α and |β and 2ε is the energy difference between the two states in the absence of coupling. Significant mixing between the states occurs only whenε ∼ < ∆. If one pulses the system suddenly toε = 0, so that the state at time t = 0 is |ψ(0) = |α , then the time evolution of the two-state system is given by |ψ(t) = cos(Ω R t)|α − i sin(Ω R t)|β , which oscillates between |α and |β at the Rabi frequency Ω R = ∆/ . A pulse of duration T rotates the state on the Bloch sphere by an angle Θ = 2Ω R T around the x-axis [21] . Fig. 1(b) shows the energies of the states |0 L , |1 L , and |E as a function of detuning. The energy difference between |0 L and |1 L , which is the singlet-triplet energy splitting in the left dot, typically is substantial (of order 0.1 meV, corresponding to a frequency ∼25 GHz) and depends only moderately on the detuning [22] , so achieving an avoided crossing of |0 L and |1 L is typically not feasible. Therefore, pulse-gating is ineffective in inducing arXiv:1207.5581v1 [quant-ph] 24 Jul 2012 |T− |↑ , where |S , |T− , and |T0 are two-particle singlet (S) and triplet (T) states in the left dot, and |↑ and |↓ respectively denote a spin-up and spin-down electron in the right dot. Introducing tunneling with amplitudes t1 and t2 to an intermediate excited state |E with one electron in the left dot and two electrons in the right dot induces transitions between |0 L and |1 L. (b) Energies of the three relevant states |0 L, |1 L, and |E as a function of the detuning ε between the two dots. The ground state has two electrons in the left dot when ε < εA and two electrons in the right dot when ε > εA; the qubit operates mainly in the regime ε ≤ εA. The energy difference between the qubit states |0 L and |1 L is large for all values of ε, but there is an avoided crossing between |0 L and |E at the detuning value εA (blue box), and another avoided crossing between |1 L and |E at the detuning value εB (dotted magenta box). Pulse-gate transitions between |0 L and |1 L can be performed by using both avoided crossings. Pulses to the detuning value εP are used in the gating scheme to induce phase differences between the three states. A gating sequence to provide arbitrary rotations between the logical qubits states |0 and |1 is indicated with arrows at the bottom; along the detuning axis, the pulse sequence is given by εinit → εB → εP → εA → εP → εB → ε final . (c) The corresponding circuit diagram of the gate sequence, with time progressing from left to right. Gates P1, A, and P2 are tunable, with the control parameters φ1, θ, and φ2 given in Eqs. 2-4. transitions directly between the two qubit states. However, there is a value of the detuning ε A at which there is an avoided crossing between the states |E and |0 L , and another value of the detuning ε B at which there is an avoided crossing between the states |E and |1 L . Transitions from |0 L to |1 L can be induced by first pulsing to ε A , the avoided crossing between |0 L and |E , and then pulsing to ε B , the avoided crossing between |E and |1 L . Similarly, transitions from |1 L to |0 L can be induced by first pulsing to ε B and then pulsing to ε A . These arguments show how to induce transitions from |0 L to |1 L and from |1 L to |0 L .
Arbitrary Rotations of One Hybrid Qubit.
-We now present a pulse sequence that implements U (n, β), a rotation of the logical qubit by an angle β about the rotation axisn = (sin η cos ζ, sin η sin ζ, cos η), where η and ζ are the polar and azimuthal angles. The sequence is constructed from three primitive gates: A, B, and P. The B gate is implemented by pulsing the detuning parameter to ε B for a time that results in a π rotation about the x axis in the {|1 L , |E } subspace, thus converting |1 L → |E and |E → |1 L . The A gate, obtained by pulsing to ε A for an amount of time that implements a rotation by an arbitrary rotation angle θ about the x axis in the {|0 L , |E } subspace, changes the "latitude" of the qubit on the {|0 L , |E } Bloch sphere. The "longitude" on the {|0 L , |E } Bloch sphere is controlled using a phase gate P that is obtained by pulsing to a detuning ε P between the anticrossings at A and B , as shown in Fig. 1(b) , at which state |E gains a phase φ relative to |0 L . The phase gate P is very fast, due to the large energy difference between |0 L and |E . By inserting two phase gates that rotate the phase by angles φ 1 and φ 2 , between the B and A gates, any prescribed rotation on the {|0 L , |1 L } Bloch sphere can be obtained. The full pulse sequence is shown on the detuning axis at the bottom of Fig. 1(b) and is also shown as a circuit diagram in Fig. 1(c) , corresponding to the gate sequence U = BP 2 AP 1 B. The relationship between the rotation parameters (β, η, ζ) and the control parameters (θ, φ 1 , φ 2 ), derived in the Supplemental Information, is:
where φ B is the incidental phase gained by state |1 relative to |0 while implementing the B gate. For example, an x rotation with angle β is obtained from the sequence
In this case, we can view the action of the P gates as simply removing the phase gained during the B gates. The speed of a pulsed gate in a quantum dot hybrid qubit can be estimated by noting that it is composed of five primitive gates, as shown in Fig. 1(c) . The A and B gates correspond to charge qubit rotations, and their speed is determined by the anti-crossing energy gaps [10, 11, 13, 14, 23] . A π/2 rotation of a charge qubit can be implemented in a time ∼ < 200 ps [14] . Gates P 1 and P 2 are phase gates, and their speed is determined by the energy splitting between states |0 and |E . For a splitting of 10 000 000 100 000 000 1 000 000 000 10 000 000 000 10 000 000 100 000 000 1 000 000 000 10 000 000 000 50 µeV, a single P gate can be implemented in ≤ 80 ps. Thus, sub-nanosecond gating of a hybrid-qubit should be achievable with current technology.
Decoherence.-When hybrid qubits are not undergoing gate operations, their coherence properties benefit from their spin-like character, similar to singlet and triplet states in a two-electron quantum dot [25] . However, the gating procedures described above consist of sequential rotations of charge qubits, for which the decoherence rates are faster. The gating speeds are also faster, so realistic estimates for the gate fidelity require us to perform dynamical simulations of the gate sequence.
We model the dynamical evolution of the density matrix ρ using a master equation [21] 
The Hamiltonian and decoherence terms are expressed in the {|0 L , |1 L , |E } basis as
Here, E 01 0.2 meV is the experimental estimate for energy splitting between the logical qubit states [22] . t 1 and t 2 are the quantum dot tunneling matrix elements. For the case that all electrons are in their ground-state, single-particle orbitals (as appropriate for valley-type excited states in Si) t 2 = 3/2t 1 [22] . The decoherence model we use is appropriate for charge-state dephasing in a tunnel-coupled double quantum dot [26] , where Γ = 1/T * 2 0.2 GHz is the experimentally measured value for charge qubits in GaAs [14] , and γ 1 MHz is the theoretical estimate for 1/T * 2 , far from the anticrossings [25] . Fig. 2 shows the results of our dynamical simulation for the worst-case scenario of a π rotation around the logical x axis, using an equivalent gate sequence U = P 2 BA(π)BP 1 (see supplemental material). (Z rotations can be achieved with much greater fidelity, since they can be performed without transforming into state |E .) Increasing the tunnel coupling improves the fidelity because it increases the speed of rotation, until the A and B anti-crossings overlap, at which point the fidelity flattens out. The point at which this occurs moves to higher frequency as E 01 increases. Fig. 2 also shows analogous fidelity calculations for the exchange gate that implements z rotations of singlettriplet qubits [15, 19] , which are implemented by pulsing to a value of the detuning ε at which the exchange coupling J dominates over the inter-dot magnetic field difference ∆B [15] . There are competing effects in the fidelity when ∆B J (i.e., when |ε| is small): the qubit becomes charge-like, and decoheres more quickly, but the gate speed also increases. In Fig. 2 , the value of ε is chosen to yield the maximum value of the fidelity for every ∆B and t 1 in the simulations. ). For a fixed tunnel coupling, increasing ∆B reduces the fidelity of the exchange gate. However, better fidelities can be achieved by increasing ∆B and t 1 simultaneously. Fig. 2 demonstrates that the fidelity of a pulse-gated hybrid qubit is comparable to that of a pulse-gated singlet-triplet qubit fabricated using natural silicon.
A different version of the pulse-gated quantum operation can be performed using a combination of slow ramps and fast pulses that yield adiabatic passage through the B anticrossing between |E and |1 L [28] and Rabi oscillations at the anticrossing A between |0 L and |E . Starting from a detuning that is more negative than ε B , one first increases the detuning adiabatically through anticrossing B (which transforms |1 L → |E and has no effect on |0 L ), then pulses suddenly to anticrossing A (which induces Rabi oscillations between |0 L and |E ), and finally decreases the detuning adiabatically through anticrossing B (which transforms |E → |1 L and has no effect on |0 L ). Using a protocol with these adiabatic portions could be very useful if the energy splitting at anticrossing B is significantly larger than for anticrossing A, which is conceivable because of the large differences of tunnel rates from different orbital states that have been observed in a silicon quantum dot [29] . However, the qubit is much more susceptible to charge noise during the gating process, because of the markedly different charge distribution in |E than in |0 L and |1 L [25] , and thus it Gate sequence for performing a conditional rotation of the phase of the target qubit. One first applies a B gate to the control qubit, which transforms |1 L → |E . One then pulses the target qubit to anticrossing B , then to P , and then again to B , which changes the phase of the target qubit only when it starts in state |1 L and the control qubit is in state |E . Finally, one converts the control qubit back to a spin qubit by applying a B gate to transform |E → |1 L. The gray shading denotes the conditional nature of the operations on the target qubit between application of the two B gates to the control qubit. This gate sequence yields a conditional gate, since it changes the phase of the target qubit only when the control qubit starts in state |1 L. The operations also perform a conditional phase rotation on the control qubit, which, if desired, can be adjusted to be a multiple of 2π by appropriate choice of pulse amplitudes and lengths.
is likely to be more difficult to perform high-fidelity gate operations using a partially adiabatic process than using the sequence of Rabi oscillations described above.
Two-qubit gates.-Two-hybrid qubit gates can be implemented by exploiting capacitive coupling [18, 31] , as illustrated in Fig. 3 . The charge distribution in state |E is substantially different than in |0 L , so there is a substantial Coulomb coupling that causes the location of the anticrossings A and B of the target qubit to depend on whether the control qubit is in state |0 L or in state |E , as shown in Fig. 3 . Therefore, pulsing the target qubit to the detuning of anticrossing A converts the state |1 L of the target qubit to |E when the control qubit is in state |0 L but not in state |E . This dependence of the position of the anticrossings of the target qubit on the state of the control qubit enables the construction of a conditional two-qubit gate, as illustrated in Fig. 3(c) . One first applies a B gate to the control qubit, which transforms |1 L → |E , and then applies a gate sequence that changes the phase of the target qubit only if the control qubit is in state |0 L . 2D Thomas-Fermi modeling [30] of the realistic device geometry shown in Fig. 3(b) and described in the supplemental information yields shifts in the anticrossing energies of ∼ > 0.1meV, large enough for fast operations to be feasible.
Summary and Conclusions.-In summary, we have presented a method for performing pulse-gating on a hybrid qubit. The protocol is more complicated than for a charge qubit because the qubit states typically cannot be made energetically degenerate. We overcome this difficulty by exploiting avoided crossings at two different detunings between each of the two qubit states and an intermediate state. By introducing an additional phase gate at a third detuning point, we have shown that it is possible to implement arbitrary rotations of the logical qubit. We have derived a closed set of equations for the pulse sequences and performed dynamical simulations of the gates assuming realistic values for the dephasing. We also showed that two-qubit gates can be implemented by operating the control qubit in the charge regime to electrically enable or disable a rotation on the target qubit.
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Supplemental Information
Details of the Derivations of Eqs. 2-4.-Here, we outline the calculations of the control parameters φ 1 , φ 2 , θ for the single-qubit gate shown in Fig. 1(c) .
A general rotation of a two-component spinor around the axisn with angle φ is given by
where σ = (σ x , σ y , σ z ) are Pauli matrices. The B gate corresponds to an x rotation of angle π in the {|1 L , |E } subspace of the full Hilbert space spanned by {|0 L , |1 L , |E }. During the course of the operation, states |1 L and |E gain a phase of e iφ B . (We define all phases relative to |0 L .) Thus,
The A gate corresponds to an x rotation of angle θ in the {|0 L , |E } subspace. During this operation, state |1 L gains a phase of e iα A . Thus,
The P 1 and P 2 gates are phase gates. During the P 1 operation, state |E gains a phase of e iφ1 relative to |0 L , while state |1 L gains a phase of e iα1 . Similar considerations apply to P 2 Thus, Computing the composite gate U = BP 2 AP 1 B, we obtain the following rotation in the {|0 L , |1 L } subspace: R = cos(θ/2) −e i(φ1+φ B ) sin(θ/2) −e i(φ2+φ B ) sin(θ/2) −e i(φ1+φ2+2φ B ) cos(θ/2) .
We can decompose this into a sum of Pauli matrices using R = j=0,x,y,z C j σ j , where σ 0 = I is the identity matrix, and C j = Tr[σ j R]/2. Comparing to Eq. (5), we obtain the results shown in Eqs. (2)- (4), up to an overall phase. We note that an alternative and equivalent pulse sequence is obtained when ε P < ε A , corresponding to the gate sequence U = P 2 BABP 1 . For the this gate sequence, we obtain identical results after making the substitutions α 0,1 ↔ φ 0,1 .
Description of the modeled device.-The ThomasFermi calculations are performed on a realistic quadruple quantum dot gate geometry for an accumulation-mode device. Fig. 3(b) shows the primary gate pattern, in which metallic gates sit on a 10 nm thick Al 2 O 3 layer on top of a Si/Si 0.7 Ge 0.3 heterostructure containing a Si quantum well 35 nm beneath its surface. The Si 0.7 Ge 0.3 layer is modeled as a dielectric with = 13.19. The accumulation gates are positively biased, resulting in electron accumulation as indicated schematically on the diagram. The depletion gates provide tunability of tunnel barriers between the dots themselves and between each dot and its reservoir. Two large top gates sit on top of an additional 70 nm of Al 2 O 3 . The first, positively biased, establishes the reservoirs on the left-hand side of Fig. 3(b) ; the second, negatively biased, prevents any undesired accumulation on the right-hand side of Fig. 3(b) .
